We analyze hadronic contributions to the muon anomalous magnetic moment at next-to-leading order. Using the leading order result based on scattering data we compute the next-to-leading order contributions and, most importantly, the value of the light-by-light term.
Introduction
The prediction of the value g e = 2 for the magnetic moment of the electron marked a great success of the relativistic wave equation introduced by Dirac in 1928 [1] . With Schwinger's pioneering analysis of the electron magnetic moment in 1948 [2] , Quantum Electrodynamics (QED) as the first quantum field theory was born. Presently the lepton anomalous magnetic moments continue to be important observables for precision tests of QED and of the Standard Model (SM) in general [3] . The anomalous magnetic moment of the muon is the most promising anomaly for phenomenological applications within the SM and for searches of physics beyond the SM (as a review, see e.g. Ref. [4] ). The recent experimental value for the anomalous magnetic moment of the muon is [5] g/2 = 1 + a = 1.001 165 920 8 (6) .
(
The Particle Data Group (PDG) gives an updated value for the muon anomaly in the form [6] a exp = 116 592 091(54)(33) × 10 −11 .
The current muon experiment at Fermilab plans to reduce the experimental uncertainty by the factor of four [7] , σ future ≈ (1.0 ÷ 1.5) × 10 −10 = (10 ÷ 15) × 10 −11 . The theoretical results for the muon anomaly in the SM are traditionally represented as a sum of three parts,
with a QED , a EW being the leptonic and electroweak parts, respectively, and a had includes quarks. In fact, the separation in Eq. (3) is such that quark loops are included also in a EW .
The leptonic part is computed in perturbation theory and reads [6] a QED = 116 584 718.95(0.08) × 10 −11 .
The computation extends up to five-loop level, using both analytical and numerical techniques [8] (as a review see e.g. Ref. [9] ). At present, the numerical results are steadily being checked/refined with powerful analytical methods for Feynman integral evaluation. In view of the experimental uncertainty, the QED part of the theory prediction for the muon anomaly can be considered to be exact, giving a negligible uncertainty. The electroweak part is known to two loops and reads [6] a EW = 153.6(1.0) × 10 −11 .
The absolute value of a EW is small and the uncertainty of this contribution is negligible for comparison with present experiments. The hadronic part a had in the SM is related to quark contributions. To leading order (LO) in the fine structure constant α it is given by the two-point function of hadronic electromagnetic currents through the vacuum polarization of the photon. In order to match the experimental accuracy of the muon anomaly one has to include next-to-leading order (NLO) contributions in α. At this order the four-point function of hadronic electromagnetic currents starts to contribute. The accurate calculation of light hadronic contributions is impossible in perturbative Quantum Chromodynamics (QCD) as they are represented by (almost) massless light quarks and are infrared (IR) singular in perturbation theory. This is the main obstacle for obtaining high precision SM predictions. Instead, the theoretical estimates for hadronic modes utilize scattering data. The LO hadronic contribution extracted from e + e − data is given by [10] a(LO; had; e + e − ) = 6931(33)(7) × 10 −11 .
Other estimates may include also data from hadronic τ lepton decays [4] , a(LO; had; τ ) = (689.46 ± 3.25) × 10 −10 .
In our estimates we stick to the PDG value in Eq. (6) for definiteness, called a(LO; had). The hadronic contribution is rather large and should be computed with a precision of one or two per mille. This is a challenge for the theory in a situation where there are no appropriate tools for an analytical theoretical computation. Presently, the lattice is emerging as a promising tool for this task.
In NLO there are further hadronic contributions. They are extensively discussed in the literature and estimated in various approaches. The current total SM prediction reads [6] a SM = 116 591 823(1)(34)(26) × 10 −11 .
The difference ∆a µ = a exp − a SM = 268(63)(43) × 10 −11 (9) might uncover physics beyond the SM. It is not formally statistically significant yet but is considered to be rather serious for the prospect of discovering new physics. The main theoretical uncertainties come from the hadronic LO part and from the NLO contribution of the genuine four-point function called light-by-light (LBL) [6] .
In the present paper we consider hadronic contributions at NLO. The calculational method has been developed in Ref. [11] and further examined in Ref. [12] . We update the results of Refs. [11, 12] and discuss the method to be used to calculate the LBL contribution. Some necessary formulas are given in the Appendix.
LO hadronic contributions
To LO the hadrons contribute through a two-point function of electromagnetic currents. In the SM this two-point function is the correlator of electromagnetic currents of quarks (see the Appendix for details). The top, bottom, and charm quarks are heavy enough for perturbative QCD to apply. The QCD corrections are located at the scale m Q and are well under control. Formally, one can use the MS mass definition for heavy quarks and compute QCD corrections.
The top quark contribution is negligible. The bottom quark (
where we used the pole mass [13, 14] . This contribution is well below an expected experimental uncertainty. The result (10) is stable against the inclusion of higher order QCD corrections which are completely negligible. The charm quark gives a larger contribution (Q c = 2/3, m c ∼ 1.6 GeV)
The total enhancement factor is 4 × 9 = 36 compared to the bottom quark. We use the mass m c = 1.6 GeV as a physical estimate from 2m c ≈ m J/ψ . It is also possible to use a pure theoretical mass estimate m MS c (3 GeV) = 0.986(10) GeV [15] . One has then to account for QCD radiative corrections to the result (11) which is feasible, as the relevant scale is 2m c ∼ 2.5 GeV and perturbative QCD works. The contribution itself is small.
Presently the requirement for a solid theoretical estimate for the muon anomaly is that its uncertainty should be smaller than the benchmark uncertainty of the Fermilab experiment. This is the case for our estimate of the charm quark contribution. Note that the numerical value for the charm quark mass is obtained from e + e − data. Depending on the scattering data, i.e. on the series of the lowest J/ψ resonances and their leptonic widths, the value of m c implicitly encodes the information that is used in the direct integration of the data in the cc channel.
However, the quark masses can also be estimated from processes independent of e + e − scattering. Namely, the masses of both m b and m c have been extracted from the data on the semileptonic decays of the B meson. The numerical results for the masses obtained from e + e − and flavor physics are rather close to each other.
A perturbative calculation of light quark contributions is not possible, as the scale for QCD corrections is located at m q ≪ Λ QCD . In this case one has to use experimental data. We obtain a contribution of the light modes related to the quarks u, d and s using Eqs. (6), (10) and (11) 
In fact, the data-based result for the LO contribution (12) includes implicitly some of the NLO corrections. For instance, additional leptonic and hadronic bubbles in the vacuum polarization diagrams, or vertex corrections which are found in both the e + e − data and the anomaly. This is a problem of double counting and interpreting the data used for the anomaly evaluation, intensively discussed in the literature. We take the value from Eq. (12) as our input for the LO part.
Method
Our computation method is based on a key feature of massless QCD, namely spontaneous breaking of chiral symmetry. Some recent discussion and references can be found in Ref. [16] . The spontaneous symmetry breaking (SSB) can be detected at the level of correlation functions as mass generation for light fermion propagators in the complex (exact) QCD ground state, i.e. the light quark is not just the Lagrangian quark anymore but rather a dressed collective excitation with the same quantum numbers.
The perturbative light quark propagator in Fock space is massless and chiral odd,
However, the interaction with soft gluons change this behavior at large distances x (cf. e.g. Ref. [17] ). Using the operator product expansion (OPE) in configuration space as originally proposed by Wilson [18] , one finds an expansion (cf. e.g. Ref. [19] )
whereis a chirality violating quark condensate. This means that in taking account for gluon interactions the formula
is a better approximation for fermionic excitations over the exact QCD ground state at long distances. The dynamical mass M(q) describes the effects of chiral symmetry breaking at the level of Green functions (cf. e.g. Ref. [20] ). The asymptotic behavior at short distances can be obtained in OPE through the quark condensate as order parameter [21] , or from the Dyson-Schwinger integral equation in the spirit of self-consistency or gap equations familiar from superconductivity [22] . The input expression of the two-point function on the lattice is
where [DA] represents summation over gluons with a proper weight. Assuming that integration over the gluon fields leads to chiral symmetry breaking, one can write an approximation
with the dynamical mass M(x). The dynamical mass is thus an order parameter of the SSB [23, 24] . Our key approximation is that the exact integral of the two-point hadronic function for the muon anomalous magnetic moment as in Eq. (A3), say the lattice result, is equal to an integral of the model function in Eq. (17) for some constant value M(q) = m * . Purely mathematically, this is always true for reasonably smooth functions. The entire analysis can be done in Euclidean space-time which contains no particle singularities and where m * provides a straight IR cut-off of QCD. Practically, this is a very efficient model as all correlation functions are indeed represented by Feynman diagrams and the analytical expressions are known.
The numerical value for the only parameter m * of the model, m * ≡ m eff = 180 MeV [11] (see next section), has been extracted from data in LO, i.e. from the hadronic two-point function. This value turns out to be rather close to both the pion mass and the constituent quark mass. Clearly, however, this fact has no such interpretation, whatever it would mean, and is simply a IR cutoff parameter in massless QCD specific for the considered observable, namely the muon anomalous magnetic moment.
This model with the determined value of the IR cutoff can be used for the evaluation of NLO hadronic contributions. It is expected that the precision of the model is good for the leptonic type corrections because the hadronic function is the same and the integration kernels K ≡ K (2) and K ≡ K (4) are similar. One extracts m eff from the integral with the weight given by K (2) and uses this value for predicting the integrals with the weight K (4) . Since the kernels are proportional to each another (up to a sign) over the essential part of the integration region [12] , one expects that the same value m eff dominates both contributions. The uncertainty of the input LO contribution then directly translates into that of the NLO contribution. The extrapolation of this procedure to contributions from the hadronic four-point function is not so obvious, as the integration weight functions (kernels) for the anomalous magnetic moment are now of different form and it is unclear whether the same value of m eff saturates the emerging integrals. Thus, an assumption that m eff is the same for contributions of two-point and four-point functions into the muon anomaly, i.e. m eff2 = m eff4 , is the main systematic uncertainty of this approach. While this is a point difficult to resolve by analytical methods, the explicit numerical calculations on the lattice can quantitatively test this assumption in the future. In the meantime one can consider the following generalization of the model.
The chirality violation and mass generation is the most important effect of SSB in QCD, but one can still use a more general quark propagator Z(p)( / p + M(p)) −1 where the normalization factor Z(p) differs from the free fermion expression due to nonperturbative effects. Clearly, the factor Z has little to do with the usual QCD renormalization as perturbation theory is not applicable at low momenta. Asymptotically in the OPE, the factor Z(p) at large momentum p is asymtotically related to the gluon condensate GG in the exact QCD vacuum,
where c is a numerical constant. The emergence of the gluon condensate in QCD is related rather to the breaking of scale invariance than to the chiral symmetry, and it is not clear whether the gluon condensate is an order parameter of some symmetry breaking phenomenon. For instance, it can happen that even with nonvanishing chiral quark condensate the gluon condensate is zero and this is a reasonable approximation for the data. Independently of microscopic physics we can adopt the form Z/( / p + M) for fitting the LO hadronic contribution. In this case the relevant combination of model parameters for the two-point function contributions to the muon anomalous magnetic moment is Z If the effective mass m eff is chosen to be close to the traditional constituent quarj mass m const = 350 MeV, one obtains Z = 2. This value will essentially enhance the NLO contributions related to the four-point function. However, the relevance of the constituent quark picture is not clear in our approach. The interpretation of our results in terms of a physical spectrum is not straightforward. The values of Z and m eff simply give the same slope Π ′ 2 (0) in the Euclidean domain that basically saturates the LO hadronic contribution. Thus, our estimates for the four-point function contribution should be considered as bounds from below. In fact, for large values of the effective mass m eff 2m π , one has to account explicitly for the Goldstone modes (pions) that emerge in the process of SSB and are present in the spectrum with the massive effective fermionic excitations. The pions give negative contributions to LBL though [25, 26] . Therefore, the constant Z cannot be arbitrarily large.
Still, the total contribution of the four-point function can be rather enhanced compared to a simple picture based on perturbation theory in Fock space. One can draw many topologically different configurations that could be relevant for the lattice. Some examples are found in Fig. 1 . There is no a priory reason for them to be small. It is not straightforward to find the correspondence to these diagrams in a hadronic world. Can the ρ-meson resonance for instance be important in LBL if added as a fundamental particle (á la supersymmetric QED (SQED) for pions)? We discuss some possibilities in Sec. 6. 
NLO hadronic contributions
As has been proposed in Ref. [11] , we fix the nonperturbative effective IR mass of the light quarks using the LO value for the anomaly to obtain m eff = 180 MeV. To be precise, computing the LO value within our approach with m eff = 180.0 ± 0.5 MeV we obtain a(LO; mod) = (6852 ± 38) × 10
which corresponds to Eq. (12). One should not take the high precision of the determination of the effective mass too serious, as the main uncertainty of our approach is a systematic one (see the discussion of the method in Sec. 3). However, the structure for hadronic correlators is completely fixed in our approach and, with the value of the IR mass m eff known from LO, we have an explicit model for NLO calculations. This model is extremely efficient as all necessary formulae are well known. The main source for the analytical results is Ref. [27] .
At NLO there are contributions from two-point and four-point hadronic functions.
Two-point function and photon-muon corrections
The first contribution is given by the vertex of the type K (4) 
Including QCD group factors we obtain [25] a mod µ (ver; NLO; uds) = −171 × 10 −11 .
Integrating the exact kernel K (4) from Ref. [27] we obtain a mod µ (ver; NLO; uds) = −188 × 10 −11 .
For the charm quark the contribution reads a mod µ (ver; NLO; c) = −4 × 10 −11 .
The bottom quark provides a contribution a mod µ (ver; NLO; b) = −0.1 × 10 −11 (23) which is smaller than the expected uncertainty of a new experimental value and can be neglected. Obviously, the leading-order mass expansion gives sufficient accuracy for heavy quark contributions. One can also use the expansion for the K (4) kernel of Ref. [27] given in Ref. [29] , even though the exact result is easy to handle as well. The total vertex-type contribution reads a mod µ (ver; NLO) = −192 × 10 −11 .
The second contribution is of the double bubble (db) vacuum polarization type where the second 1PI block is given by leptons different from the muon, as the muon has been already included in the vertex type contribution. The electron loop gives a mod µ (db; NLO; e&uds) = 104 × 10 −11 (25) that should be compared to Ref. [11, 25, 29] . The τ lepton loop is negligible, 
The electron loop together with a charm quark loop is marginal,
while the electron loop together with a bottom quark loop is negligible. These are mixed lepton-hadron contributions requiring only the two-point hadronic function.
Four-point function contributions
The contributions of four-point function Π 4 is difficult to interpret if there is no explicit model. Clearly, it is dangerous to identify hadronic contributions with perturbative diagrams as they implicitly use/reflect the free fermion picture and Wick's theorem. In fact, it is important to know how the four-point function is computed on the lattice. It does not factorize in 1PI diagrams like Π 4 ∼ Π 2 (x)D(x − y)Π 2 (y) + . . . as in QED with D(z) being the photon propagator. While one can indeed obtain the factorized contribution by simple reiteration of the LO part found from the data, one then has to rigorously identify the rest. However, without an explicit model this is difficult to justify. On the lattice it is mainly the topology of the perturbative photon lines connected to the four-point function vertices that determines the structure of hadronic contributions. In our model we can compute the four-point function contribution uniquely. Again, all necessary formulas are readily available in the literature.
i) The double vacuum polarization in perturbation theory with different quarks is mainly analogous to the mixed lepton-quark vacuum polarization as it does not require internal corrections to the quark loop (Källén-Sabry correction [30] , cf. the next item).
The charm quark together with light modes gives a mod µ (db; NLO; c&uds) = 0.1 × 10 −11 .
The reiteration of light modes with different quarks reads
ii) In addition to double bubbles of the same fermion we have diagrams with an internal structure, the Källén-Sabry correction. Without an explicit computational model this structure remains unresolved in the data-based approach. It is implicitly included in LO. In our approach the new contribution, i.e. an internal structure of an effective quark loop in Π 4 , is treatable. The general formula for such contributions (without symmetry and group factors) is given by 
The contribution of charm quarks is negligible, 
The result for the light modes ("q2+q2" and "q4" of the same quark) is a mod µ (4; NLO; uds) = 25 × 10 −11 .
In fact, one has to add terms with the color structure N 2 c not separable in a lepton-type calculation of Ref. [27] . However, these terms can be computed explicitly. An additional group factor is N c (Q The NLO estimates of this type based on data are named "dispersive NLO" and read [6] a(disp; NLO; had; e + e − ) = −98.7(0.9) × 10 −11 .
This contribution corresponds to the contribution of the two-point hadronic function and should be compared to the sum of our results above.
iii) The light-by-light (LBL) contribution is the genuine Π 4 contribution that is most unknown and controversial. Note, however, that internal structure diagrams are also completely alien to the data-based approach. Little experimental help is available for the LBL contribution.
We remind the reader that the required accuracy of a theoretical estimate is determined by the level of 10 × 10 −11 .
The LBL contribution for fermions reads [31] 
One should add only the necessary group factors to apply the above expression in our model.
The light modes give the contribution a mod µ (LBL; NLO; uds) = 139 × 10 −11 (35) while the result for the c quark is
We discuss our method of computation in Sec. 3.
Results
The NLO result related to the two-point function is a sum of Eqs. (24), (25) and (27) 
This result is based on LO from Eq. (12) and is very stable. Our model calculation reproduces the integration of the LO data with appropriate kernels. This is because the two kernels K (2) and K (4) behave similarly in the important region of integration (cf. e.g. Ref. [12] ). The result related to the four-point function without LBL is given by Eqs. (29) and (32) 
The main contribution comes from the Källén-Sabry term (32) . In fact, one would perhaps had to subtract this term from the LO contribution before fitting m eff . However, as we have already discussed before the problem of double counting is too complicated to be considered here. The LBL term from Eqs. (35) and (36) 
A difficult question is to estimate the accuracy of the obtained result. It is clear that the statistical uncertainty due to the error of the only parameter of our model m eff = 180 ± 1 MeV is irrelevant and the main uncertainty is a systematic one, i.e. the uncertainty of the model itself. As we are going to discuss in detail in Secs. 3 and 6, we think that the actual contribution of the four-point function can be up to a factor two larger. We take a conservative point of view and include a 50% uncertainty in our result as a systematics to get the prediction for the NLO contribution related to four-point function in the form 
Unfortunately, the conservative uncertainty of the prediction in Eq. (41) is larger than an allowed uncertainty of σ future ≈ (10 − 15) × 10 −11 , but we believe that it is a realistic one. Our prediction for the total hadronic NLO now reads 
The data-based result is a had (N(N)LO; e + e − ) = 19(26) × 10 −11 .
In both cases the error is dominated by the LBL contribution. Using the hadronic LO contribution from Eq. (6) we obtain the total hadronic contribution 
The SM value is then given by a SM = 116 591 929(55) × 10 −11 .
Finally, the prediction for the difference with the experiment reads
This is 2σ discrepancy. Clearly, the mean value of the new experimental measurement is of great interest. However, it seems that the theory uncertainty of the value of four-point function contribution and the one for LBL in particular is still too big. The experimental uncertainty will be smaller than the one given by the theory.
Discussion
We have calculated the NLO hadronic contributions to the muon anomaly. The contributions related to the two-point function can be computed reliably. We argue that the contributions related to four-point function can be essentially enhanced compared to expectations based on perturbation theory in Fock space with a small number of resonances. In the analysis inspired by data the main contribution comes from the exchange by the neutral pion due to the anomalous dimension-five interaction π 0G G/f π [32] (see also Refs. [33, 34, 35] ). However, within the chiral perturbation theory (χPT) approach this contribution is subleading. It is suppressed by the natural χPT scale Λ χ = 2πf π ≈ m ρ . The leading contribution given by the Goldstone modes is very small. Therefore, the charged pions give [26] a(LBL) = α π 
and the contribution of charged kaons is totally negligible. Note also that the sign is negative compared to fermions,
The smallness of the pions contribution is related to the fact that pions are spinless particles with no own magnetic moments. In view of χPT counting, however, the contribution of vector mesons like ρ mesons, or even of baryons like protons are of the same order as the neutral pion contribution, since the scales are close (m ρ = 777 MeV and Λ χ = 600 ÷ 800 MeV ≈ 2πf π ). Within various effective theory schemes, even neutrons can contribute as they interact with photons via their magnetic moment. Therefore, there are many contributions that are formally of the same order as the neutral pion one. The contribution of π 0 in its local form is ambiguous as it depends strongly on the ultraviolet cuts used and the usual cut provided by the ρ meson mass. Therefore, the contributions related to the four-point function can be enhanced. One can see this also by looking at the number of different topologies that emerge at higher orders of perturbation theory. And even though perturbative QCD is not applicable for their quantitative evaluation, they all appear in the analysis within the lattice approach.
To conclude, we think that there is some room in the SM to accommodate for the current experimental values of the muon anomalous magnetic moment, and we are looking forward to results of new measurements.
A Appendix

A.1 LO hadron phenomenology
The two-point correlator is given by
The definition of the fine structure coupling requires Π had (0) = 0. The dispersion representation can then be written with one subtraction, leading to
The LO anomaly is
with a one-loop kernel of the form 
Therefore, the analysis of the anomaly is based on the derivative of the hadron vacuum polarization function dΠ had (−t)/dt which is closely related to the famous Adler function [37] D(t) = −t dΠ had (−t) dt .
The Adler function can be computed in perturbative QCD with massless quarks for large t, D(t) = −t dΠ had (−t) dt = e 
An analytical expression for the function I(m q ) is known. However, the integral representation given in Eq. (A14) is sufficient for practical applications. The iterated contribution for two fermions (double bubble generalization of Eq. (A14)) is given by [28] a ferm µ (db; f 1 &f 2 ) = α π 
The actual application of this formula in QCD should account for symmetry factors (a factor 2 if the fermions are different) and for group factors.
